Abstract. We investigate harmonic forms of geometrically formal metrics, which are defined as those having the exterior product of any two harmonic forms still harmonic. We prove that a formal Sasakian metric can exist only on a real cohomology sphere and that holomorphic forms of a formal Kähler metric are parallel w.r.t. the Levi-Civita connection. In the general Riemannian case a formal metric with maximal second Betti number is shown to be flat . Finally we prove that a six-dimensional manifold with b 1 = 1, b 2 2 and not having the real cohomology algebra of T 3 × S 3 carries a symplectic structure as soon as it admits a formal metric.
(i) A Riemannian metric g on M is formal if the exterior product of any two harmonic (w.r.t. g) forms remains harmonic; (ii) M is geometrically formal if it admits a formal metric.
A closely related notion is that of topological formality (see [2] for instance), which implies that the rational homotopy type of the manifold is a formal consequence of its cohomology ring [13] . From the existence of a formal metric it follows that the underlying manifold is topologically formal, and this provides obstructions to the existence to such metrics; for instance they cannot exist on nilmanifolds since those have non-trivial Massey products, a fact which is in itself an obstruction to formality [2, 16] . On the other hand, simply connected, compact manifolds of dimension not exceeding 6 are topologically formal [7, 9] . Now the existence of formal metrics is more directly related to the geometry of the ambient manifold and known obstructions are related to the length of harmonic forms.
Theorem 1.1. [6]Let (M n , g) be compact and oriented such that g is a formal metric. Then (i) the inner product of any two harmonic forms is a constant function;
(ii) b p (M) n p for all 1 p n;
(iii) if in (ii) equality occurs for p = 1 then g is a flat metric.
Standard examples of formal metrics are provided by compact symmetric spaces for in this case all harmonic forms must be parallel with respect to the Levi-Civita connection. D. Kotschik proved that in dimension 4 every geometrically formal manifold has the real cohomology algebra of a compact symmetric space. One of the current questions related to the notion of geometric formality is then to examine up to what extent this is true in general.
In the context of Sasakian geometry, the odd dimensional analogue of Kähler geometry we prove Theorem 1.2. Let (M 2n+1 , g) be a compact Sasakian manifold. If g is a formal metric then M is a real cohomology sphere.
Next we obtain obstructions to the existence of formal Kähler metrics, through the study of their holomorphic forms. In this context topological formality is no longer restrictive since any Kähler manifold is known to have this property [2] . [12] ) that the only cases when we can have a non-vanishing holomorphic form are when Hol(g) = Sp(m)(n = 2m) or Hol(g) = SU(n).
(iii) From the above it also follows that if M admits a locally irreducible Kähler and formal metric which is not Ricci flat then the Todd genus satisfies T d(M) = 1.
In the second part of the paper we study general properties of 2-forms which are harmonic w.r.t. a formal metric. We observe that any such 2-form diagonalises with constant eigenvalues and constant rank eigendistributions. This is extending results from [8] to the general Riemannian case and can also be used as a starting point to give sufficient conditions, essentially phrased in terms of Betti numbers lower bounds, for a formal metric to admit a compatible symplectic form in dimension 6. We prove The above result essentially says that in dimension 6 a geometrically formal manifold M always carries a symplectic structure compatible with the formal metric with the exception of the cases when b 1 (M) = 1 or b 1 (M) = 1, b 2 (M) = 0, 1 or when the real cohomology algebra is that of T 3 ×S 3 . This suggests that symplectic techniques could be used to investigate, under these conditions, the topology and geometry of these manifolds. In dimension 4, the existence of symplectic forms on geometrically formal manifolds has been extensively treated in [6] .
When b 2 (M) 3 Theorem 1.4 follows essentially by algebraic arguments mainly using the above mentioned fact on the diagonalization of harmonic 2-forms of a formal metric. To prove it when b 2 (M) = 2 we first show that the absence of a compatible symplectic form forces the presence of enough harmonic 3-forms (actually b 3 (M) = 6 in this case). Then we need to perform a rather delicate local analysis, involving the internal symmetries of the set harmonic 3-forms in order to arrive at b 1 (M) 2, a case which can be ruled out algebraically.
In the final part of the paper we are concerned with giving a characterisation of geometrically formal Riemannian manifold with maximal second Betti number. We prove Theorem 1.5. Let M n be geometrically formal with n 3.
This clarifies the equality case in Theorem 1.1, (iii) for degree 2-forms. Note that the assertion in Theorem 1.5 is straightforward when n is odd for if n = 2k + 1 the formality and the maximality of b 2 imply that b 2k (M) is maximal. Hodge duality implies then the maximality of b 1 (M) and hence the flatness of the metric (see Section 5 for more details). When n is even, our point of departure consists in observing that the metric must admit a compatible almost Kähler structure and then work out this situation within the same circle of arguments which have led to the proof of Theorem 1.3.
To conclude, it would be interesting to have results similar to Theorem 1.4 in arbitrary even dimensions and of course to give necessary but also sufficient conditions for a geometrically formal metric to admit a compatible symplectic structure. In doing so, the difficulties one faces are related to understanding, at the algebraic level, the constraints imposed by geometric formality on forms of degree 3.
Some algebraic facts
Let (V 2n , g, J) be a Hermitian vector space and let Λ ⋆ V be its exterior algebra over the reals. Consider the operator J :
J acts as a derivation on Λ ⋆ and gives the complex bi-grading of the exterior algebra in the following sense. Let λ p,q V be given as the
is an orthogonal, direct sum. Note that λ p,q V = λ q,p V . Of special importance in our discussion are the spaces
. . , X p ) is still an alternating form which equals p −1 J α. We shall also use the extension of J to Λ ⋆ V given by
(here J as a map of λ p V stands in fact for p −1 J ). We also define λ p V ⊗ 2 λ q V to be the space of tensors Q :
Proof. We shall provide a direct proof, but only for (i), that of (ii) being similar.
where for v in V we denote by v ♭ the dual, w.r.t to the metric, 1-form. Then
For any 1 r p we compute
On the other side we have J Q(e i 1 , . . . , e ip ) = qJ[Q(e i 1 , . . . , e ip )] = −q(JQ)(e i 1 , . . . , e ip ) and putting all these together we arrive easily at
Applying J once more time while going through the same steps yields
2 a(Q) and the proof is completed.
The main technical observation in this section is Proposition 2.1. The following hold:
It is easy to see that those are well defined. Assume now that a(Q) = 0. Then
By the previous Lemma a(Q X ) is in λ p−1,q V whilst a(Q X ) belongs to λ p,q−1 V hence both must vanish since elements of distinct spaces as p = q. Now an induction argument leads directly to the proof of the claim in (i).
To prove (ii) we first note that
and the claim follows from Lemma 2.1.
Let L : Λ ⋆ V → Λ ⋆ V be the exterior multiplication with the Kähler form ω = g(J·, ·). Recall that the space Λ ⋆ 0 V of primitive forms is defined to be the kernel of L ⋆ , the adjoint of L w.r.t. the inner product g. We consider the operators
p! α, Jβ for any primitive p-forms α and β.
and the claim in (i) follows.
To prove (ii) we first obtain by induction from (i) that (L ⋆ ) p (α∧β) = (−1)
To conclude it is enough to directly use the definition of P p to get P p (α, β) = p! α, Jβ .
2.1. Formal Sasakian metrics. Part of the algebraic facts developed above can be also used to describe completely the cohomology algebra of a geometrically formal, Sasakian metric. For an introduction to Sasakian geometry, the odd dimensional analogue of Kähler geometry, we refer the reader to [4] .
Proof. Recall that the tangent bundle of M splits as T M = V ⊕ H an orthogonal direct sum where V is spanned by the so-called Reeb vector field, to be denoted by ζ. The contact distribution H admits a g-compatible complex structure J : H → H which moreover satisfies dθ = ω where θ is the 1-form dual to ζ and ω = g(J·, ·). We call a differential p-form horizontal, and denote the corresponding space by Λ p H if the interior product with ζ vanishes. Now let
H is its formal adjoint w.r.t. to the restriction of g on H, we have (see [15] 
where L ζ denotes the Lie derivative. As a last reminder, we mention that the extension of J to Λ ⋆ H defined as in the previous section preserves the space of harmonic forms. Let now α be a harmonic form on M. It is a known fact that if 0 p n, every harmonic form α on M is horizontal and invariant by the Reeb vector field. Moreover, α must be primitive, that is L ⋆ α = 0. Using the formality assumption on g we obtain that α ∧ Jα is still harmonic. Since this is a horizontal form, invariant under the Reeb vector field it follows from (2.1) that L ⋆ (α ∧ Jα) = 0. We conclude that α vanishes by means of Proposition 2.2, (ii).
The proof of Theorem 1.2 in the introduction is now complete.
Holomorphic forms with harmonic squares
Let (M 2n , g, J) be a compact Kähler manifold and consider a harmonic p-form Ω in λ p M, that is of type (0, p) + (p, 0). It is a well known fact, see [5] for instance, that Ω must be holomorphic, that is
for all X in T M. Together with Ω comes S :
.., X p−1 belong to T M and where for any 1-form θ, θ ♯ denotes the associated vector field with respect to the metric g. Let now Q :
The next Lemma provides information about the complex type of Q.
Proof. Follows immediately from (3.1) and (3.2).
Proof. Let {e i , 1 ≤ i ≤ 2n} be a geodesic frame at a point m in M. If p is even Ω ∧ Ω is harmonic and we have at m
since Ω is itself co-closed. In other words a(Q) = 0 and we conclude by means of Lemma 3.1 and Proposition 2.1 that Q = 0. If p is odd the harmonicity of Ω ∧ JΩ gives
where we took into account the co-closedeness of Ω and JΩ. Now
This is easily reinterpreted to say that a(JQ) = 0 and then Lemma 3.1 together with Proposition 2.1 leads to the vanishing of Q and hence to the claimed result.
Remark 3.1. From the proof of the result above we see that it actually holds for harmonic forms
We need now to recall some facts about the algebraic structure of harmonic forms of type (1, 1 
which is preserved by F and such that F = λ i J i on E i , for all 0 i p. Here J i are almost complex structures on E i and λ i are real constants, for 0 i p. Now we would like to conclude from Proposition 3.1 that Ω is actually parallel. This is eventually seen to be the case if Ω is non-degenerate at every point of the manifold. To rule out the general case we must study the null distribution of Ω. For each m in M define V m = {X ∈ T m M : X Ω = 0}. Our first concern is to show that m → V m gives a smooth, constant rank distribution on M.
(ii) both distributions V and H = V ⊥ are integrable and H is totally geodesic.
is a harmonic two form. On the other hand side, from Proposition 2.2, (i) it follows by induction that
by also using that Ω is primitive. Now a direct computation using the definition of P p−1 shows that
for all X, Y in T M. We conclude that α Ω is a harmonic form of type (1, 1) hence the formality of g and Proposition 3.2 ensure that α Ω has constant rank. By a positivity argument the nullity of α Ω coincides with that of Ω and the claim is proved.
(ii) V (hence H) is J-invariant since α Ω lives in λ 1,1 M. By (i) we obtain a globally defined splitting T M = V ⊕ H which is therefore orthogonal and J-invariant. From the definition of V it follows by an orthogonality argument that the distribution H is spanned by S(X 1 , ..., X p−1 ) with X 1 , ..., X p−1 in T M hence (3.4) ∇ X Ω = 0 for all X ∈ H by Proposition 3.1. Taking now a direction, say V in V gives that ∇ X V belongs to V and this shows the total geodesicity hence the integrability of H. The integrability of V is an easy consequence of the closedeness of Ω. Indeed, taking X 1 , . . . , X p−1 in
Since Ω vanishes on V by the definition of the latter it follows that [V, W ] Ω = 0 and our integrability claim follows by using again the definition of V.
To prove the parallelism of Ω, which amounts to having V totally geodesic we need to establish one more fact. Recall [11] that the transversal Ricci tensor Ric H : H → H of the totally geodesic distribution H is defined by
for all X, Y in H and local orthonormal frames {e i } in H. When V integrates to give a Riemannian submersion, which is always true locally, Ric H corresponds to the usual Ricci tensor of the base manifold.
Lemma 3.3. The transversal Ricci tensor Ric
H of the distribution H vanishes.
Proof. For any α in Λ 2 M and for all ϕ in Λ ⋆ M let us define
where {e i , 1 ≤ i ≤ 2n} is some local orthonormal frame in T M. Since H is totally geodesic, after differentiation of (3.4) in directions coming from H we get 
R(e j , e i )X ∧ e j e i Ω for all X in H, where for obtaining the second line we used the algebraic Bianchi identity for R. As consequences of the Kähler condition and of the fact that Ω is in λ p M we have that R(JX, JY ) = R(X, Y ), whilst JX JY Ω = −X Y Ω for all X, Y in T M. Hence the last sum above vanishes and we end up with Ric H X Ω = 0 for all X in T M whence the claim, since Ω is non-degenerate on H.
At the same time, the situation when Ric H vanishes is well described by the following (3.4) . The local product decomposition of (M 2n , g, J) follows by using the deRham splitting theorem for the ∇-parallel decomposition T M = V ⊕ H, combined with Lemma 3.3.
). Let A i , 1 i 3 be the skew-symmetric endomorphisms associated to the forms α i , 1 i 3 and let {e i , 1 i n} be a local orthonormal basis in T M. We shall now compute
Further computation yields, after some elementary manipulations
In what follows we shall say that a symplectic form on M is compatible with the metric g if its associated skew-symmetric endomorphism defines an almost complex structure on M. (ii) With the notation λ i = √ −µ i , the orthogonal projection of α on E i is given by
is harmonic for all natural k and by an argument similar to the one used in the proof of the Proposition 3.1 of [8] we deduce that ω i belong to H 2 (M, g).
(iii) By (ii) the form
) and it is g-compatible if α is nondegenerate.
The technical advantage of Proposition 4.2 is essentially to say that all distributions appearing as ranges or kernels of harmonic 2-forms are of constant rank over the manifold, and in this respect they can -as we shall see in the next section-be treated as algebraic objects.
4.1. 6-dimensions. We shall present here a geometric application of the algebraic facts from the previous section. More precisely, we are going to obtain sufficient conditions for a geometrically formal 6-manifold to admit a compatible symplectic structure. We need first to make a number of preliminary results. 
Proof. We first note that
whenever ψ is a p-form on M, where the operator Q is given by Qψ = Proof. Let α = 0 belong to H 2 (M, g). It cannot be non-degenerate for Proposition 4.2, (iii) would imply the existence of a g-compatible symplectic form. It remains to see that α cannot have 2-dimensional kernel. Arguing by contradiction, let us suppose that V = Ker(α) is 2-dimensional, so that H = V ⊥ is of dimension 4. Moreover, from α we get again by using Proposition 4.2 a harmonic 2-form α ′ = g(J·, ·) on H for some almost complex structure J on H. Then α ′ + ⋆(α ′ ∧ α ′ ) gives a globally defined symplectic form on M, compatible with g, hence the desired contradiction.
In what follows the distribution spanned by an orthonormal system of vector fields {X 1 , . . . , X q } on M shall be denoted by (X 1 , . . . , X q ). Proof. Let α = 0 belong to H 2 (M, g). By Lemma 4.2 the distribution V = Ker(α) must be 4-dimensional, so after constant rescaling α can be written as α = g(J·, ·) where J is an almost complex structure on the plane distribution H = V ⊥ . We now note there are no non-zero harmonic 2-forms contained in Λ 2 V, for by Lemma 4.2 any such form must have 4-dimensional kernel and hence must vanish. It follows then from Lemma 4.1 that
Further on, because b 2 (M) 2, there must be a non-zero β in Λ 1 V ⊗Λ 1 H, and again by Lemma 4.2 this has 4-dimensional kernel to be denoted by V ′ . By rescaling if necessary we may also assume that β is of unit length. Let now F 1 and F 2 be the orthogonal projections of H ′ = (V ′ ) ⊥ onto V and H respectively. F 1 is not the zero space because otherwise we would have H ′ ⊆ H hence β in Λ 2 H, an absurdity. We cannot have F 2 = {0} neither: it would imply that H ′ ⊆ V hence β ∈ Λ 2 V which is again impossible. Therefore, both of F 1 and F 2 have rank at least 1 and given that H ′ = F 1 ⊕ F 2 and H ′ has rank 2, their respective ranks must actually equal 1. Since the manifold is oriented, every real line bundle over M is trivial and this leads to the existence of a globally defined orthonormal frame {ζ, e 2 } on H ′ , spanning F 1 and F 2 . Since β belongs to Λ 2 H ′ , it follows that
Now the orthogonal complement of (e 2 ) in H is 1-dimensional, hence trivial as a real line bundle. Therefore it is spanned by some a unit vector field, say e 1 , and since α belongs to Λ 2 H we get α = e 1 ∧ e 2 .
Pick now a non-zero harmonic 3-form T on M. By Lemma 4.1 the components
and L ⋆ α T 12 = θ are harmonic 1-forms and since b 1 (M) = 0 these 1-forms are vanishing fact which implies the nullity of T 11 and T 12 . Hence T can be written as
It follows easily that harmonic 3-forms on M are contained in a rank 6 sub-bundle of Λ 3 M, thus using that scalar products of harmonic 3-forms are (pointwisely) constant we obtain that b 3 (M) 6. Since M has nowhere vanishing vector fields, it has vanishing Euler characteristic, and from b 1 (M) = 0, b 2 (M) 2 we get
showing that actually b 2 (M) = 2 and b 3 (M) = 6. Proof. In view of the Proposition above it suffices to treat the cases when b 1 (M) = 0. Again, we do a case by case discussion. Let V be the distribution spanned by the harmonic 1-forms and let ζ k , 1 k b 1 (M) be a frame of harmonic 1-forms in V. As an immediate consequence of Lemma 4.1 and of the fact that H = V ⊥ does not contain, by definition, harmonic 1-forms it follows that harmonic 2-forms are contained in Λ 2 V ⊕ Λ 2 H. If b 1 (M) = 2, H is of rank 4 and since b 2 (M) 2 there must be a non-zero harmonic 2-form contained in Λ 2 H. In view of Lemma 4.2 it has rank 4 kernel and therefore vanishes, a contradiction. Suppose now that b 1 (M) = 3 so that H is of rank 3. If α is a non-zero harmonic 2-form contained in Λ 2 H, then ζ 1 ζ 2 ζ 3 (⋆α) is a non-zero harmonic form in Λ 1 H which is a contradiction. Therefore H 2 (M, g) ⊆ Λ 2 V and similarly, by using Lemma 4.1 we get
It is now straightforward that M has the cohomology algebra of 
4.2.
The case when b 1 = 0, b 2 = 2, b 3 = 6. We shall examine now the case when the geometrically formal manifold M 6 has a formal metric g which does not admit a compatible symplectic form and moreover b 1 (M) = 0, b 2 (M) = 2, b 3 (M) = 6. We have seen that harmonic 2-forms must be of the form e 12 = e 1 ∧ e 2 , e 2 ∧ ζ for some orthonormal system e 1 , e 2 , ζ in T M. Let us denote by E the rank 3 distribution orthogonal to e 1 , e 2 , ζ. It inherits a transversal volume form, i.e a nowhere vanishing 3-form ν E in Λ 3 E given by ν E = ⋆(e 12 ∧ ζ). We shall write ⋆ E : Λ ⋆ E → Λ ⋆ E for the Hodge star operator obtained when E is equipped with the restriction of the metric g and orientation given by ν E . Lemma 4.3. The following hold :
where A, B, D are 1-forms on E ⊕ (ζ) and λ, q, µ are functions on M.
Proof. Because e 12 is closed we get de 1 ∧ e 2 = de 2 ∧ e 1 and it follows that none of de 1 , de 2 can have components in Λ 2 (e 1 , e 2 ) ⊥ . Therefore one can write
for some one-forms A, B, C, D ′ in Λ 1 (e 1 , e 2 ) ⊥ and some smooth functions λ, µ on M. Now the remaining information contained in de 1 ∧ e 2 = de 2 ∧ e 1 is that D ′ = −A. Since e 2 ∧ ζ is equally closed we have de 2 ∧ ζ = dζ ∧ e 2 hence de 2 ∧ ζ ∧ e 2 = 0 leading to C ∧ ζ = 0. Thus we may write C = qζ for some smooth function q on M. Moreover, by an argument already used for e 12 , dζ has no component in Λ 2 (e 2 , ζ) ⊥ hence after a small computation we can fully rewrite the closedeness of e 2 ∧ ζ as
for some one form D on E⊕(ζ) and a smooth function ν on M. Now the harmonicity of e 12 tells us that
in other words the distribution (e 1 , e 2 ) is integrable. Henceforth, ν = dζ(e 1 , e 2 ) = − < ζ, [e 1 , e 2 ] > vanishes and our Lemma is proved. e 2 ) and (e 2 , ζ) are integrable as well.
Proof. (i) By inspecting the structure equations in the Lemma above, we see that either of dζ, de 1 , de 2 vanish on Λ 2 E and the claim follows. (ii) follows by arguments similar to the last part of the proof of the Lemma 4.3.
We shall now bring into consideration the fact that b 3 (M) = 6. Let
be an (pointwisely) orthonormal basis in H 3 (M, g). From the proof of Proposition 4.3 we must have
The next Lemma recasts the orthogonality of the system (4.1) into a simpler algebraic form.
We have
for some smooth function k : M → C such that |k| = 1 and
Proof. The Hodge star operator of the forms T k , 1 ≤ k ≤ 3 reads
and the orthonormality of (4.1) is equivalent with the following
It is easy to see that {γ i , 1 ≤ i ≤ 3} gives a basis of Λ 1 (E, C) (not orthonormal though) and then {γ i ∧ γ j : 1 ≤ i = j ≤ 3} is a basis in Λ 2 (E, C). Of course, by using complex conjugation we obtain another set of basis in the above mentioned spaces. We now compute
Very similarly, we also find that ⋆ E γ j ∧ γ p = 0 for p = j and the result follows. That |k| = 1 follows routineously by taking norms.
The triple of 1-forms (γ 1 , γ 2 , γ 3 ) has also an internal symmetry, of particular relevance for what follows. Write γ = γ 1 γ 2 γ 3 and then notice the transition formula γ = P γ for some P = (P ij , 1 ≤ i, j ≤ 3) : M → M 3 (C). This is possible because both γ and γ give basis in Λ 1 (E, C). It follows immediately that P P = I 3 holds and moreover from the definition of P we see that it is symmetric, i.e. P = P T . To exploit the closedeness the frame (4.1) we need the following preliminary Lemma 4.5. If α belongs to Λ ⋆ E we have
where d E denotes the orthogonal projection of d onto Λ ⋆ E and for any vector field X in E, L E X is the orthogonal projection of the Lie derivative L X α onto Λ ⋆ E. Moreover, the vector field R in E is given by the projection on E of [e 1 , ζ].
Proof. Follows eventually by expanding d along the decomposition
while making use of the integrability of the distributions listed in Corollary 4.1.
Let us denote byÂ,B,D the components on E of the 1-forms A, B, D, so that A =Â + xζ, B =B + yζ, D =D + zζ for some smooth functions x, y, z on M.
Lemma 4.6. The harmonicity of the forms T k , 1 ≤ k ≤ 3 is equivalent with the following system of equations:
Proof. For any 1 ≤ k ≤ 3 the closedeness of the forms T k is equivalent with
Using now Lemma 4.5 we obtain further
But accordingly to Lemma 4.3 we eventually get
hence after identifying the components of e 1 ∧ ζ, e 2 ∧ ζ, e 12 , e 12 ∧ ζ, e 2 we find the system of equations
But the forms ⋆T k , 1 ≤ k ≤ 3 are closed as well, in other words the system above has the symmetry (α k , β k ) → (β k , −α k ). It is now straightforward to rephrase these by means of the complex valued forms γ k , 1 ≤ k ≤ 3.
We are now in position to examine the geometric consequences imposed by our initial situation.
Lemma 4.7. The following hold:
Proof. We will prove both claims at the same time. Using Lemma 4.6, (i) we compute
by using standard properties of the Hodge star operator. But from (ii) of the same Lemma, actualised by Lemma 4.4 one infers that
It follows that (5Â − k −1 d E k) ∧ γ 2 ∧ γ 3 = 0 and repeating the procedure for the other two equations in Lemma 4.6, (i) we arrive easily to 5Â − k
since |k| = 1 and the proof of the Lemma follows.
We examine the rest of the equations in Lemma 4.6. For a triple α = α 1 α 2 α 3 of one forms in Λ 1 (E, C) we consider the triple of 2-forms in Λ 2 (E, C) given by
. Note that in the new notation Lemma 4.4 now reads
and after taking the conjugate we also get
we consider the matrix
Note that r T α = −r α and we shall let r α operate on triple of forms in Λ k (E, C), k = 1, 2 by matrix multiplication. Moreover, a straightforward computation shows that
These observations allow now to bring the remaining equations into final form.
Proof. We shall prove only (i) the other two claims being entirely analogous. Indeed, writing (iii) of Lemma 4.6 in matrix form we have
3) and we are done.
Proposition 4.4. The following hold:
Proof. Taking the conjugate in (i) of Lemma 4.8 we get
Substituting here the expression of L E ζ (⋆ E γ) as given by (4.4) we obtain further
where we have used once more that γ = P γ. Given that ⋆ E γ gives a basis in Λ 2 (E, C) we infer that
But P is symmetric and rB is skew-symmetric therefore P rBP is skew-symmetric as well, hence identifying the symmetric resp. the skew-symmetric part in the equation above we arrive at L E ζ P = 0 and P rBP + k 2 rB = 0. The other two claims in (i) and assertions in (iii) and (iv) are proved by applying a completely similar procedure to the equations in (ii) and (iii) of Lemma 4.8. Proof. We first work out the equation in (ii) of Lemma 4.4. It implies that
On the other hand we have
sinceB is real valued. Altogether (k + k −1 k 2 )B ∧ γ = 0 whence the vanishing ofB since |k| = 1. The vanishing ofD resp. η follows now from (iii) resp. (iv) of Lemma 4.4 by using the same argument.
We now continue the study of the distribution (e 1 , e 2 , ζ).
Lemma 4.9. The following hold:
Proof. First of all we update Lemma 4.3 to
by using thatÂ =B =D = 0. 1 (e 1 , e 2 ) = λ. This proves (i) and the first half of (ii) To prove the rest it is enough to repeat the argument above starting from d ⋆ (e 2 ∧ ζ) = 0. Proof. Suppose that there is no g-compatible symplectic structure on M. Then our whole previous discussion applies and based upon it we will obtain a contradiction. We proceed first towards updating the expressions of the Lie derivatives of γ, ⋆ E γ as given by Lemma 4.8. Since k 2 = det(P ) and P has no Lie derivatives in the direction of (e 1 , e 2 , ζ) it follows that
A short computation using only that γ gives a basis in Λ 1 (E, C) leads to 
Proof. From dα = 0 we have that a(∇α) = 0. But
and moreover a simple computation based on (5.1) shows that
Therefore a(∇α + η F · ) = 0 and since the tensor under alternation belongs to λ 1 M ⊗ λ 2 M we use Proposition 2.1, (ii) to conclude that it is actually in λ 1 M ⊗ 2 λ 2 M and the proof of the claim follows by using the relations (5. Now taking the cyclic sum and using (5.6) we get the desired result. Proof. It is enough to prove the statement at an arbitrary point m of M. Pick an arbitrary unit vector V in T m M and let F be the skew-symmetric, J-invariant endomorphism of T M which is J on E = {V, JV } and vanishes on H = E ⊥ . That F • η = 0 says η F X Y, Z + η F Y Z, X + η F Z X, Y = 0 for all X, Y, Z in T M. It follows that η V X, Y = 0 for all X, Y in H, hence η V X is in E for any X ∈ H. Moreover, since dim M 6, there exists a unit vector U ∈ T M so that (V, JV, U, JU, X, JX) is an orthogonal system. Let us consider the skewsymmetric, J-invariant endomorphism G of T M defined by GV = U, GJV = JU, GU = −V , GJU = −JV and G vanishes on E ′⊥ where E ′ = {V, JV, U, JU} . Then η GU X, V + η GX V, U + η GV U, X = 0 This implies that η V X, V = − η U X, U . Changing V in JV and using the J-antiinvariance of η we get η V X, V = 0. Then η V X = 0 for all X ∈ H and η V X = X, V η V V + X, JV η V JV for all X ∈ T M. But from (5.2) it follows that η V V = η V JV = 0 and η V X = 0 for all X ∈ T M.
In other words (g, J) is a Kähler structure and the flatness of the metric follows now from [8] . To finish the proof of Theorem 1.5 it remains to treat the case when n = 4. In this situation, we notice that the bundles Λ ± M of (anti) selfdual forms are trivialised by almost-Kähler structures satisfying the quaternionic identities and using the well-known Hitchin Lemma [10] we obtain that Λ ± M both contain a hyper-Kähler structure and this leads routineously to the flatness of the metric.
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